CONDITIONS TO THE DENSITY OF ACCESSIBLE SETS 



DIEGO S. LEDESMA 



Abstract. Given a control system p = Xq + X)i=i u i{t)Xi(p) on a compact 
manifold M we study conditions for the foliation defined by the accessible 
sets be dense in M . To do this we relate the control system to a stochastic 
differential equation and, using the support theorem, we give a characterization 
of the density in terms of the infinitesimal generator of the diffusion and its 
invariant measures. Also we give a different proof of Krener's theorem. 

1. Introduction 

This work addresses to the following problem: Let (M,g) be a compact Rie- 
mannian manifold without boundary and F = {Xq, X\, . . . , Xk} be a family of 
vector fields over M. Consider the control system 

k 

(i) p = x + Y / Mt)Mp), 

with Ui : M>o — > K. Denote by p u (t) the solution of (p} for some 

u = («i,... u k ) eC°°(M>o,M fe ) 

and such that p u (0) = p. We call any such solution as a control path starting at p 
and denote by CV P the set of all control paths starting at p. 

Let A(p) be the accessible set from p £ M defined by (see, for example, Agrachev 
PQ or Colonius and Kliemann [5]) 

A(p) = { Pu (t) e M, (>0e«£ C oo (M> ,IR fe )}. 

It is well known that the accessible sets from a foliation with singularities (see P. 
Stefan PU|). I n this work we want to find conditions for A(p) = M for all p G M. 
In order to give an answer to this question we will use stochastic methods. This can 
be justified by the support theorem for diffusions (see, for example, Kunita [9]). 

The article is organized as follows: In section 2 we review the main tools of 
stochastic differential equations (SDE) that we will use. In section 3, given a set 
of vector fields we construct a diffusion, via a SDE, and study our problem by 
its properties. Finally in section 3 we change the point of view, given a set of 
vector field, we study the foliation induced by the attainable set and construct a 
diffusion that respect the foliation, then we give an answer to our problem in terms 
of the ergodic properties of this process. Also we give another proof of the Krener's 
theorem. 
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2. Stochastic Diferential Equations 

Given a family F — {Xo, X\, . . . , Xk} of vector fields in M and a Brownian 
motion B = (Bi,...,Bk) in P fc we construct a stochastic differential equation 
(SDE) 

k 

(2) d Pt = X ( Pt ) dt + J^MPt) °dB l 

i—l 

Pa = P- 

A solution for this equation is an adapted stochastic process Y in M satisfying the 
following 

f(Y s ) - f(p) = f X f(Y s ) dt + Y" f X if( y s) ° dBl 
Jo i=1 Jo 

k f i / k \ 

= E I x if( Y °) dBl s +J o f x ° + \ E x i) ds 

When the manifold is compact it is well known (see, for example, Elworthy 
[3] or N. Ikeda and S. Watanabe [B]) that there is a solution flow, this is a map 
(j) : R> xMxfl->M such that 

i) Y t = (f>(t,p, •) solves the SDE © with Y = p, and 

ii) for all / in C°°(M) and cj £ ft we have that f(<fi(t, •, lu)) is a function in 
C°°(M). 

Associated to this solution flow there are the transition probabilities {Pt{p, • ), P G 
M, t > 0} defined by 

P t (p,U) = F[{uen, 4>(t,p,u)eU}], 

for any Borel set U. It can be seen that its infinitesimal generator is given by 

c = x, + \j^xl 

i=l 

Let (W(M) = {s e C([0, oo), M)}, B(W(M))) be the path space of M furnished 
with the sigma algebra generated by the borel cylinders sets. Associated to the 
operator C there is a unique strongly Markovian system of probability measures 
{P p , p £ A/} defined for all borel set U in M by 

P p (a(t) e U) = P t (p,U) 

and satisfying 

i) P P [s g W(M), s(0) =p] = 1 

ii) /(s(t)) - /(0) - J t (£/)(s(r)) is a (P p , B(W(M))) martingale for any 
/ 6 epe M. 

For a good reference see Ikeda and Watanabe [6, p. 202-205]. 

The transition probabilities generates a Markov semigroup {Pt,t > 0} over V(C), 

by 

Ptf(x)= [ f(y) Pt(x,dy) V x € M. 
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a Borel measure n over M is called invariant for the SDE ([2]) if 

/ Ptf(x)n(da) = f f(x) n(dx) 

JM JM 

or equivalently if 

/ Cf{x) n(dx)=0. 

JM 

for all / 6 D(£). Let 

A4 = {ji £ V(M), fi is invariant under L}. 

An invariant measure \i is called ergodic if for any invariant set U, this is any 
set U C M satisfying 

P[{w, 4>{t, p, u) C [/ V < > 0}] = 1 for all p 6 C/, 

we have that n(U)n(U c ) = 0. 

An important result for ergodic measures is the Ergodic Theorem (see, for ex- 
ample, Yosida [TTj): 

Theorem 1. Let /i be an invariant measure and f £ L l ([i) then, there is a function 
f* € L 1 ^) such that 

i) /* = lim^oo \ f Q P s f ds [i- a.e. 

U ) J M f*( x ) ^(dx) = J M f{x) fx{dx). 
Also, when [i is ergodic and f € L 1 ^) we have that 

f* = ffx n- a.e. 

JM 

From now on, we denote by S to the subset of M given by 
S= \j supp(^i) = [J supp(/x). 

ergodic fj,EM 

3. Control System 

The relation between the control system (jTJ) and the SDE (j2J is given by the 
support theorem (see, for example, Ikeda and Watanabe [6] or Kunita [9]) that 
states 

supp(P p ) = CP~ P 
An easy consequence of this result is the following Lemma. 

Lemma 1. 

A(p) c |J su P p(P t (p, ■)) c A(pj, V p e M. 
t>o 

Proof. To see the first inclusion we consider a point q £ A(p). Then, by definition, 
there will be a control path p u (s) such that P u (0) — P and p u {t) = q- Let B q be 
an open neighborhood of q and consider the open subset Ut(B q ) of the path space 
defined by 

U t {B q ) = {s £ C([0, oo), M), s(0) = p, s(t) £ B q }. 
Since p u {s) £ Ut(B q ) we get that Ut(B q ) has non empty intersection with the set 
of all control paths CP P starting at p and therefore, by the support theorem, we 
have that P p [Ut(B q )] > 0. So Pt(p,B q ) > and by the arbitrariness of B q we get 
that q £ supp(P t (p, • )). 
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For the second inclusion we assume that q G supp(Pt(p, • )) then for any open 
neighborhood B q of q we have that Pt(p, B q ) > 0. Defining Ut(B q ) as above we get 
that P p [Ut(B q )] > and therefore, by the support theorem we get that Ut(B q ) n 
CV P ^ 0. So, there is a control path p u such that p u (0) — P and p u (t) G B q . By 
the arbitrariness of the open neighborhood B q we get a sequence of points A(p) 
converging to q. Thus q G A(p). 

□ 

From this result follows immediately that 



Theorem 2. Consider the control system (Qp. Then A(p) — M for all p if and 
only if 

/>oo 

/ P t (p,U)>0 
Jo 

for all p G M and open subset U C M. 



Proof. We assume that A{p) — M for all p G M. Then, for any open set U we have 
that 

\Jsupp(P t {p, • ))) nu? 

Thus, since the Pt{p, • ) are continuous in t we get that there will be a small 
interval I = (to — e. to + e) such that Pt(p, U) > for any tel. 

On the other side we assume that J Pt (p, U) > for all p G M and open set 
U oi M and that there is a non dense »4(|>) . Then picking U = M \ A(p) we get a 
contradiction. □ 

Theorem 3. The following assertions are equivalent 

i) A(p) = M for all p G M . 

ii) Every invariant measure fi of the diffusion given by equation (0i satisfy 
supp(/i) = M . 

iii) {/ G C 2 {S) n P(£), £/ = m 5} = {/ = const.} 

Proof. To see that i) implies ii) we observe that if p G supp(^i) then supp(P t (p, • ) C 
supp(/j,) for all t > 0. Then, .4(p) C supp(^i) by Lemma [1] Thus M = supp(/i). 

For the converse, we assume that for any invariant measure fj, we have that 
supp(/i) — M and consider the invariant measures /i p defined by 

1 f* 

fi p (»)= lim - / P s (p, • ) ds. 
t-J-oo t _/ 



since supp([i p ) C Ut>osupp(Pt(p, • )) we get that -4(p) = A/ 



We will prove that i) if and only if Hi). We assume that A{p) — M for all p G iS 
and let / G C 2 (5) n V(C) be a function such that Cf = 0. Then, 

/|s = /* = lim 1 / P s / dt 

and, given an ergodic measure //, the ergodic theorem implies that 

/Lpp(a0 = / M - a -e- 
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Since supp(/it) = A(p) for some p £ M we get that supp(/i) = M. Therefore 
/ = const. 

On the other side, we assume that 

{/ G C 2 (S) n V(C), Cf = in S} = {/ = const.} 



and that there is a p £ M such that A(p) ^ M. Therefore, A{p) is a compact 
invariant set in M. Consider a smooth function / such that / = in A(p) a 
/ = 1 in the complement of an e-neighborhood of A(p) then Cf* = in M and 
therefore /* must be constant. Since A(p) is invariant and Lf\ ^, * = we get that 
/l^ = 0, so /* = 0. But then 



f u = ^ — a.e. 

M 

for any ergodic measure /i. Since e can be chosen as small as we want, we get that 
A(p) = S. But, by a similar argument, if g is such that g — 1 in *4(p) and g = in 
the complement of an e-neighborhood of A(p) then £g = in S but g ^ const. 

□ 

Example 1. i- Let F be a family of vector fields that spans the kernel of a 

submersion f : M —> N. Then for any non constant real function g : N —> 
R we have a non constant function h = go f satisfying Ch — 0. So we have 
points p 6 M such that A{p) is not dense. 
ii- Let M be a compact Riemannian manifold of dim(M)—3 with an orthonor- 
mal basis {X, Y, H} of TM satisfying 

[X, H]=X [X, Y] = -H [H, Y] = Y0 

If F = {X, H}, consider the following SDE 

dB = HSB 1 + X SB 2 , 

where (i? 1 ,^ 2 ) is the Brownian motion on IR 2 . It is simple to see that 
C = \(X 2 + H 2 ). If f is a function such that Cf — 0. Since, div(X) = 
div(H) = we get that the Lebesgue measure is invariant (by the Stokes 
Theorem). Then 



(\Xf\ 2 + \Hf\ 2 ) u g = / C(f 2 ) u g = 

M JM 

Also, if f is smooth we have that Yf is invariant by H. In fact, 
H(Yf) = Yf + YHf 
= Yf. 



So, 



! / l*7lV 9 = 2 f (Yf)H(Yf)fj, g 

JM JM 

= [ H(Yf) 2 u g =0. 

JM 



IM 

Then Y f = and, therefore, f = const. So, the leaves of this foliation are 
dense. This result will be obtained later by a different point of view 



^An example of this space can be obtained by the quotient of the universal covering of SL{2, 
by a cocompact lattice 



6 



DIEGO S. LEDESMA 



iii- Let S n C K n+1 the sphere and let F be the family defined by the vector field 
V given by the gradient of the height function h{x\, . . . , x n +i) — x\, this is 

V(x) = (1,0, ...,0) -x x x 

for any x G S n . It is easy to see that the accessible sets are not dense. In 
this case, S — {N,S} and that L = ^V 2 . Consider the function f(x) = 
(1 - x\) then f G C 2 {S) n C 2 (M) and that Cf = in S but f is non 
constant. 

4. The General Case 

Let F be a family of vector fields in M and let T>n e t p) the associated distribution 
to the Lie algebra of F. We know that T>n e rp\ define a foliation in M which its 
integral manifolds are determined by the orbits of F. 

Using the Nash embedding theorem it is possible to prove that, for N large 
enough, there is a family of vector fields H = {Xi, . ..,Xjv} such that, if 7r(p) : 
T p M — > T> Lie ( F j (p) C T p M is the orthogonal projection and / is a smooth function, 
then 

N 

V D f( P ) := 7r(p)(V/(p)) = £(*i/)(p)*i(P), 

and 

N 

g(V D f(p) 7 \7 D f(p)) = J2(X*f)(P?- 
<=i 

With these vector fields we construct a SDE 

N 

(3) dx t = }^Xj(x t ) odBl, x = p, 

i=l 

whose solution is a diffusion with infinitesimal generator given by 

1=1 

Lemma 2. The support of the transition probabilities associated to the SDE (0) 
are the leaves of the foliation given by T>Lie(F) ■ 

Proof. This follows from the fact that the diffusion defined by ([3]) is a Brownian 
motion on the leaf of the associated foliation. Thus, the transition probability 
measures are completely continuous to the Lebesgue measure of the leaf. □ 

Once we have that the transition probabilities of the process defined by Eq. © 
are supported in the hole leaf we can use this process to give an answer of our 
problem. We do this in the following theorem where we also give another proof of 
Krener's Theorem ([8]). 

Theorem 4. The following assertions are equivalent 

i- The leaves A(p) of the foliation defined by "DuelF) are dense in M 

ii- Every invariant measure /i of the SDE (0) satisfies supp(jj,) = M 

iii- {/ G C' 2 {S) n V{A), Af = m S} = {/ = const.} 

Moreover if (2?Lie(_F))p = T P M for all p in M , then A(p) = M for all p G M . 
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Proof. The first three assertions follow from Theorem [3J applied to the control 
system associated to equation ([3j). 

For the last assertion we assume that (T> Lie ^ F - ) ) p = T p M for all p in M. The 
construction of the vector fields defining the equation ([3]) implies solution of the 
equation ([3]) is in this case the Brownian motion of the manifold starting at p. Then 
the support of the transition probabilities is the hole manifold. But, from Lemma 
[2] we get that support of the transition function are the leaves of the associated 
foliation. Therefore A(p) = M for all p <E M. □ 

Remark 1. Theorem^ can be applied in the context of a foliated manifold if we 
replace 2?Lie(F) by the distribution that define the foliation. 

Example 2. i- Consider the Torus given by T 2 = ([0,1] x [0,1])/ ~ where 

(0,y) ~ (1)2/) e (x, 0) ~ (x, 1) and let X be the vector field defined by 

X = d x + ad y 

The associated stochastic differential equation is given by 

dx t = X(x t ) o dB t 
for b t a 1-d Brownian motion. The infinitesimal generator is 

L=\(dl+a 2 d 2 y + 2ad xy ). 

Then, if a £ Q we have that a — m/n and 

[i = sin 2 (27r(ma; — ny)) dxdy 

defines an invariant measure in T 2 . Therefore the leaves are not dense in 
this case, since it is possible to find a saturated set with non zero measure. 
ii- Consider again a compact Riemannian manifold M of dim(M) —3 with an 
orthonormal basis {X, Y, H} of TM satisfying 

[X,H] = X [X,Y] = -H [H,Y]=Y. 

Let T be a foliation induced by E =span{X, H}. The diffusion obtained by 
equation f3J) is the Brownian motion on the leaves. It was shown by Garnett 
(see [51 Proposition 5], or [3J section 3.4],) that this diffusion has just one 
invariant measure which is the Lebesgue measure. Then we get again that 
the leaves of this foliation are dense. 
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